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ABSTRACT 

We construct gauge-invariant and U-duality covariant expressions for Wess-Zumino 
terms corresponding to general Dp-branes (0 < p < D — 1) in arbitrary 3 < D < 10 
dimensions. A distinguishing feature of these Wess-Zumino terms is that they contain twice 
as many scalars as the 10 — D compactified dimensions, in line with doubled geometry. 
We find that for D < 10 the charges of the higher-dimensional branes can all be expressed 
as products of the 0-brane charges, which include the DO-brane and the NS-NS 0-brane 
charges. We give the general expressions for these charges and show how they determine 
the non-trivial conjugacy class to which some of the higher-dimensional D-branes belong. 
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1 Introduction 



Since their invention in 1995 D-branes have played a crucial role in understanding the 
(non-perturbative) nature of string theory [1]. D-branes occur as brane solutions of the 
low-energy supergravity limit of string theory [2]. Their dynamics and interactions can be 
described by an appropriate worldvolume action. Unlike the usual brane actions the D- 
brane actions do not only contain worldvolume embedding scalars describing the position 
of the brane but also a worldvolume vector field describing the fact that Fundamental 
strings may end on the brane. It is well-known that the kinetic terms for the embedding 
scalars and worldvolume vector are given by a so-called Dirac-Born-Infeld (DBI) action. 
In view of this the worldvolume vector is often called the Born-Infeld (BI) vector. The 
coupling of the D-brane to the Ramond-Ramond (RR) gauge potentials is described by a 
so-called Wess-Zumino (WZ) term. 1 

Using a short-hand notation the WZ terms of all Dp-branes, with < p < 9, in Type 
II string theory are given by [3] 2 

£wz(D=10) = e^C. (1.1) 
Here C is defined as the formal sum 3 

C = J2 C m (1-2) 

n 

where C n (1 < n < 10) are the pull-backs of the RR n-form potentials, i.e. 

C h .., n ^d h X^...d in X^C^ n . (1.3) 

The X M (/i — 0, 1, • • • , 10) are the embedding worldvolume scalars and di (i — 0, 1, • • • , p) is 
the derivative with respect to the worldvolume coordinates of the Dp-brane. Furthermore, 
T 2 is the worldvolume 2-form curvature tensor of the BI vector V\ given by 

T 2 = dV 1 + B 2 , (1.4) 

where B 2 is the Neveu-Schwarz (NS-NS) 2-form potential. Using the above notation and 
the Bianchi identity 

dT 2 = H 3 = dB 2 (1.5) 

1 A RR field is defined as a field that describes a (massless) string state created by two fermionic 
oscillators in the Ramond sector. Such helds couple to D-brancs. Here we extend this definition to include 
fields that do not describe physical degrees of freedom but do couple to D-branes, e.g. domain walls and 
space-filling branes. These fields are related to the RR-potentials describing physical degrees of freedom 
via T-duality. 

2 We do not consider higher-order corrections involving the (target space) Riemann curvature tensor, 
like in [4] . 

3 Note that this sum also contains a term involving the axion field Co which is not required by gauge- 
invariance of the IIB theory. It can be predicted by combining gauge invariance of the IIA theory and 
T-duality [5]. In this work we will first concentrate on gauge invariance and only afterwards, see end of 
Section 5, consider the dependence of the Wess-Zumino term on the axionic scalars. 
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one can show that the WZ term is invariant under 

SC = d\ + H 3 A A, (1.6) 
where A is the formal sum of the RR gauge parameters A n (0 < n < 9): 

A = £>„. (1.7) 

n 

Type IIA string theory has Dp-branes for all even p (p = 0, 2, 4, 6, 8). The DO-brane is 
a particle, the D2-brane a membrane etc. The D8-brane is a domain-wall (one transverse 
direction) which couples to the RR 9-form potential [6] that is dual to the Romans param- 
eter m in massive IIA supergravity [7]. On the other hand, Type IIB string theory has 
Dp-branes for all odd p (p — 1, 3, 5, 7, 9). The Dl-brane is the D-string etc. The D9-brane 
is a so-called space-filling brane that couples to the RR 10-form C±o of IIB supergravity. 
Note that the 10-form potential does not describe any physical degree of freedom and is 
therefore often not given in combination with the standard IIB supergravity multiplet. 
Nevertheless, it is needed to describe the coupling of the D9-brane to IIB supergravity and 
it is perfectly consistent with the IIB superalgebra to add this potential to the standard 
multiplet [8]. 

A distinguishing feature of Type IIB string theory is that it has a manifest SL(2,R) 
S-duality under which the D-branes transform non-trivially. For instance, the Dl-brane 
transforms, together with the Fundamental string Fl, as a doublet of SL(2, R). This can be 
seen from the fact that IIB supergravity has a doublet of 2-form potentials A% (a = 1,2). 
The two components of the doublet describe the NS-NS and RR 2-forms. Similarly, the 
other even- form potentials of IIB supergravity transform as a singlet, doublet, triplet and 
quadruplet+doublet, respectively: 

A a A, A a A af3 A al3 "< A a (A R\ 

The 10-forms are special in the sense that they occur as a reducible representation of the 
duality group: a quadruplet and a doublet. It turns out that it is the quadruplet that 
contains the RR 10-form that couples to the D9-brane [8]. 

In order to write down the WZ terms for the D-branes of Type IIB string theory one 
needs to relate the S-duality covariant A-fields given in (1.8) to the RR- fields C occurring 
in the expression (1.1) of the WZ term. In order to do this in a duality-covariant way one 
first introduces charge vectors q a , q a and defines [9] 

C 2 = q a A%, B 2 = q a A«, (1.9) 

with q a q/3€ alS ^ 0, 4 such that C 2 is the RR 2-form coupling to the Dl-string and B 2 is the 
NS-NS 2-form coupling to the Fundamental string. Assuming that q a and q a transform 

4 In [9] we took q a q/3 e a P = i. In this paper we will leave the normalisation unfixed so that we can factor 
out the charges as a common factor in front of the WZ term. 
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as doublets under SL(2,R) this fixes in a duality-covariant way which component of the 
2-form doublet we define as the RR 2-form and which component as the NS-NS 2-form. 

The leading term in the WZ-term of the D3-brane, i.e. (the pull-back of) the RR 4-form 
can be written as [9] 

Ca = q a qp{-ie aP A A - ^A?) . (1.10) 

The difference between A 4 and C4 is that A 4 transforms under both the RR gauge transfor- 
mations of C2, C4 and the NS-NS gauge transformations of B 2 whereas C4 only transforms 
under the RR gauge transformations. The requirement that C4 transforms as in (1.6), 
which is required for the gauge invariance of the WZ term (1.1), fixes the relation (1.10) 
between the RR-field C4 and the duality-covariant A-fields. Extending this to the higher- 
rank n-forms the general WZ-term can be written in the universal form (1.1). All C-fields 
are related in a duality-covariant way to the A-fields, using the basic charges q a , q a . The 
world- volume 2-form curvature Ti is given by 

jr 2 = dVl + b 2 = q ^ = qa (jy? + A%) . (1.11) 

Here we have introduced, together with the doublet of 2-form potentials A%, a doublet of 
worldvolume vectors Vf. In this way the charges of all Type IIB Dp-branes with p > 3 can 
be expressed as products of the basic 1-brane charges q a , q a , corresponding to Dl-branes 
and Fl-strings, respectively [9]. The same analysis shows that 

• in the case of the 10- forms, which belong to a reducible representation of SL(2, R), it 
is the quadruplet, that is the highest-dimensional representation, that contains the 
RR field Cio- One cannot write down a gauge-invariant WZ term for the doublet; 

• for both the triplet of 8-forms and the quadruplet of 10-forms, not all n-forms inside 
the representation can be reached by a duality rotation of the RR-field. More specif- 
ically, there is one 8-form out of the triplet of 8-forms and there are two 10-forms out 
of the quadruplet of 10-forms that cannot be viewed as a duality transformation of 
the RR n-form. For these potentials one cannot write down a gauge-invariant WZ 
term. 

It is well-known how the SL(2, M) symmetry of IIB supergravity gets generalised to other 
symmetry groups for the D < 10 maximal supergravities [10, 11]. These symmetries have 
been identified as the U-dualities, containing S- and T-dualities, of superstring theory [12]. 
They have also been discussed in the context of worldvolume actions of extended objects 
in supergravity backgrounds [13]. The different duality groups for 3 < D < 11 are given 
in Table 1. The generic global symmetry group in D dimensions (D < 9) can be denoted 
(generalising what one gets in 3,4 and 5 dimensions) by En_ D , where 11 — D is the rank 
of the group. 

In each dimension the corresponding maximal supergravity theory contains a number 
of n-forms that transform in given representations of the U-duality group. These represen- 
tations naturally follow by making a level decomposition of the very extended Kac-Moody 
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Table 1: Tie U-duality groups for all maximal supergravities in dimensions 3 < D < 11. 
Tie group is always over the real numbers and of split real form. In D = 10 we distinguish 
between IIA and IIB supergravity. 

algebra En [14, 15, 16, 17, 18]. Following the notation of [19], for each n-form we denote 
these representations with a lower M n index. The forms are thus denoted by 

^4l,Mi , ^2,M 2 ; ^3,M 3 , ••• , Ad-1,M d _i , Ad,M d ■ (1-12) 

All fields decompose into representations of the T-duality group SO(10 — D, 10 — D), which 
is a subgroup of the U-duality group En_o. It is convenient to make this decomposition 
since all RR fields transform as irreducible representations of the T-duality group. A 
convenient way to see whether a given n-form potential is a RR field is by calculating the 
corresponding brane tension. For a RR field this tension should scale as l/g s in the string 
frame, with g s the string coupling constant. It turns out that in each dimensions D the 
RR fields of odd rank transform in the spinor representation of SO(10 — D, 10 — D) and we 
denote them with C2 n -i, a , with a an SO(10 — D, 10 — D) spinor index, while the RR fields 
of even rank transform in the conjugate representation and we denote them with 
[20]. Besides the RR- fields we need to consider the Fundamental 2- forms and 1-forms that 
couple to the Fundamental string and Fundamental 0-branes, i.e. wrapped Fundamental 
strings, respectively. These Fundamental fields have corresponding brane tensions that are 
independent of the string coupling constant, again in the string frame. In each dimension 
the Fundamental 1-forms transform in the vector representation of SO(10 — D, 10 — D) 
and we denote them with Bi ^, while the Fundamental 2-form is a T-duality singlet, B 2 . 

As we will discuss in detail in section 4, the equivalent of the charges q a , q a introduced 
in Type IIB string theory will be charges q^ 1 , q^ 1 , such that 

C M = q^A 1Ml , £ M = q%A 1Ml (1.13) 

define the RR and Fundamental 1-forms in a U-duality covariant way. We will see in section 
4 how all the charges of the higher- dimensional Dp-branes, with p > 1, can be expressed 
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as products of these basic 0-brane charges. Unlike in Type IIB string theory, all charges 
can be expressed in terms of 0-brane charges only, no 1-brane charges are involved. This 
has to do with the fact that, for D < 10, the basic gauge symmetries generating the whole 
gauge algebra are always the ones corresponding to the 1-form potentials only. 

The aim of this paper is to construct gauge- invariant and duality-covariant expressions 
for general WZ terms using the ingredients introduced above. These WZ terms will de- 
scribe the coupling of general Dp-branes in dimensions 3 < D < 10 to the target space 
supergravity fields in a duality-covariant way. For D = 10 there have been attempts to 
construct such WZ terms. For instance, an SL(2, M)-invariant formulation of 1-branes has 
been given [21, 22]. This formulation made use of the fact that in two spacetime dimensions 
the Born-Infeld vector is equivalent to an integration constant describing the tension of a 
string. Similarly, the case of 3-branes has been discussed [23] . In this case one makes use of 
the fact that in 4 spacetime dimensions the electric-magnetic dual of a Born-Infeld vector is 
again a vector. Such special properties do not occur for the branes with p > 3 and indeed 
constructing an SL(2, R)-invariant formulation of 5-branes turns out to be problematic 
[24]. For D = 10 this gap was filled and gauge-invariant and duality-covariant expressions 
for all the D-branes of IIB string theory were given [9]. In this paper we extend this work 
to D < 10 dimensions. 

A basic difference with D = 10 dimensions is that, to write down a WZ-term in D < 
10 dimensions, we need to introduce, together with the standard worldvolume scalars 
describing the position of the brane in D dimensions, not only a worldvolume vector V\ 
but also additional worldvolume scalars. This is due to the fact that the Fundamental 
string can wrap around each of the 10 — D compactified dimensions. Therefore, in D < 10 
not only strings but also a number of particles can couple to the D-brane. The coupling of 
these particles are described by the extra worldvolume scalars. We find 2(10 — D) of such 
scalars transforming as a vector V 0j a under the T-duality group SO(10 — D, 10 — D), with 
corresponding curvatures Fi^a- In this paper we will show that, using these curvatures, 
the general WZ term can be written in the following elegant form: 

Avz(D < 10) = e T2 e^ AVA C , (1.14) 

where Y A are the SO(10 — D, 10 — D) gamma matrices and C is a formal sum of all RR- 
potentials. Note that T\,a = in D = 10 since there is no T-duality in that dimension. 
Therefore, the expression (1.14) reduces to the usual expression (1.1) for D = 10. 

To show that (1.14) is the correct gauge-invariant and duality-covariant WZ term for 
any Dp-brane in D < 10 dimensions, our strategy will be as follows. First, for the conve- 
nience of the reader, we will shortly review in Section 2 the WZ terms for the D-branes of 
D = 10 Type IIA and Type IIB string theory. Next, we will present in Section 3 the general 
gauge algebra of maximal supergravity in any dimension 3 < D < 10. The structure of this 
gauge algebra follows from the underlying E n algebra. We will first give a general analysis 
and, next, work out the formulae for each specific dimension. In Section 4 we will, starting 
from the duality-covariant A-basis presented in Section 3, derive the expressions for the 
RR potentials C that couple to the Dp-branes using the basic charge vectors (1.13). In 
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particular, we will give expressions for the charge vectors of the higher-dimensional branes 
in terms of products of the basic charges (1.13). Like in Section 3, we will first give the gen- 
eral analysis and then give explicit expressions for different dimensions. Next, in Section 5 
we will derive the main result of this paper, i.e. the gauge-invariant and duality-covariant 
WZ term (1.14). Finally, in Section 6 we will present our conclusions and indicate a few 
natural extensions of this work. 

2 D-branes in Ten Dimensions 

For the convenience of the reader we shortly summarise in this Section what is known 
about the WZ terms corresponding to the D-branes of Type IIA and Type IIB superstring 
theory. We first discuss the IIB case [9]. 

2.1 Type IIB 

Our starting point is the set of SL(2, R)-covariant IIB n-form potentials given in (1.8). 
Note that the 4-form field A 4 in (1.8) is self-dual and that A 2 and A 6 are each other's dual. 
The triplet of 8-forms is dual to the 2 scalars (axion and dilaton) of IIB supergravity. The 
counting works (2 scalars are dual to 3 8-forms) since the 8-forms satisfy a single constraint 
[29, 26, 8]. We next introduce the basic charges q a , q a as in (1.9), where q a and q a are such 
that e al3 q a q/3 ^ 0. This fixes our choice of the RR potential C 2 and NS-NS potential B 2 . 
We are using the normalisations of [8], and convert these results in form language in the 
usual way: 

A n = —^ A^Jx^ A dx^ A ... A dx^ . (2.1) 

Our first task is to select among all n-form fields of IIB supergravity the RR-potentials 
who have the defining property that they do not transform under the NS-NS gauge trans- 
formations or, equivalently, that they couple to D-branes whose tensions scale as l/g s - To 
see how this works, consider the gauge transformation of the 4-form potential A 4 

5A 4 = dA 3 -^e a pA«Fi , (2.2) 

which transforms both under RR and NS-NS gauge transformations, with parameters q a A a 
and q a A a , respectively. One may verify that there is a unique combination of A 4 and A 2 A 2 
terms that is invariant under the NS-NS gauge transformations. This combination defines 
the RR 4-form potential C4: 

C 4 =~q a qp{-te^A A -^A a 2 A p 2 ) . (2.3) 
Applying the same procedure to the higher-form potentials we obtain the following expres- 
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sions for the RR-potentials in terms of the SL(2, M)-covariant A-fields: 
C 6 = q a q^{-ie^Al - A,A\ - ±A%A{Al) , 
C*8 = QaQpQ^Qs (~~ i€ a ^AJ — j^e a ^ AJA^ — -^e a ^ A^A\A\ — -^A^A^A^A^) , 
Cio = q a q^qsqe{-ie^At + ^ A f A 2 + ^ A l^i A \ + ^ A^A\A\A\ 

+ 2M0^2^2^2^2^2) • (2-4) 

These RR n-form potentials occur as the representations l n /2-2 in the decomposition of 
the SL(2, M)-covariant A-fields under 

SL(2,M)dM+, (2.5) 

where the sub-index n/2—2 indicates the M + - charge w of the representation. The complete 
decomposition is given in Table 2. Each field can be associated with a p-brane (p = n — 1) 
if it exists, whose brane tension in string frame scales as 5 

<£, tt = i(-2 + «;). (2.6) 

We distinguish between the following objects: 



a — —I 
a = 
a = -2 

a < -2 



D-brane , 

Fundamental Object , 
Solitonic Object , 
Rest , 



which in the Table are given in the columns RR, F, S and Rest, respectively. 

We find the following expression of the charge of a Dp-brane in terms of the Dl-brane 
and Fl-brane charges: 

9ai-a m _i = (^e^) Qai ' ' ' Qa m -i , p = 2m + 1 . (2.7) 

Indicating with n(q) and n(q) the number of q and q charges that occur in the expression 
(2.7) we have the following relations: 

a = —n{q) , w = —n{q) + n{q) . (2.8) 

Note that there are Dp-branes for each odd p but that there is only one Fundamental 
string Fl. The li 6-form is dual to the l_ x 2-form and represents the duality between 
the D5-brane and Dl-brane. The l_i 6-form is dual to the li 2-form and represents the 
duality between the NS 5-brane NS5B and the Fundamental Fl string. 



5 This general formula only applies if the n-form transforms under supersymmetry to the gravitino with 
a non-zero coefficient that only depends on the dilaton and not the axion. 
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Table 2: The ten- dimensional IIB case: the 2nd column indicates the SL(2,IR) repre- 
sentation of the A-fields. The 3rd, 4th and 5th column indicate the Ramond-Ramond, 
Fundamental and Solitonic Gelds, respectively. The last column contains all Gelds with 
different dilaton couplings. It is not clear whether the 8-forms and 10- forms indicated by 
accolades couple to a brane (see the text). 

The 1 2 8-form couples to the D7-brane with charge 

1 2 : ( q 7 qs • (2.9) 
The other two 8-forms in the same triplet have charges: 

lo : {q a qp^) q^qs) , 1-2 : (q a Qp^ fi ) QyQs ■ ( 2 +0) 

We observe that the 1 2 D7-brane and its S-dual, the 1 2 S7-brane, both have charges that 
are proportional to the product of two uncontracted SL(2, K) vectors (either q a or q a ) that 
are the same whereas the charge corresponding to the 1 8-form contains the product of two 
different charges. This means that under a U-duality the D7-brane and S7-brane can be 
transformed into each other but that one can never rotate one of these branes into a brane 
corresponding to the lo 8-form. In other words, the D7-brane and S7-brane belong to the 
same conjugacy class that forms a (non-linear) doublet embedded into the triplet. The fact 
that they belong to the same conjugacy class can also be deduced from the fact that, viewed 
as a 2 x 2 matrix, both charges have zero determinant, i.e. det [q a qp] = det [q a qp] = 0. 
It is not clear whether the lo 8-form couples to a brane since under supersymmetry it 
transforms to the gravitino with an axion-dependent coefficient, thereby violating one of 
the assumptions that go into the general formula (2.6). What is clear is that for such an 
object one can not write down a gauge-invariant WZ term as in [9] because its charge is 
proportional to the product of two different uncontracted 1-brane charge vectors. 

We finally consider the 10-forms. We first consider the quadruplet of 10-forms. The I3 
10-form potential couples to the D9-brane and has charge 

1 3 : (q a q^)q y q 5 q e . (2.11) 
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The other three objects in the quadruplet have charges 
li : {q a q^ al3 ) q^qsqe) , l-i : {q a qpz aP ) q^q s q e ) , 1-3 : (q a Qp^ P ) Q-yMe • (2.12) 

Applying the same reasoning as in the case of the 7-branes, we conclude that the D9-brane 
is in the same conjugacy class as its S-dual, the 1_ 3 brane since these are the only two 
objects whose charge is proportional to the product of three SL(2,R) vectors q a that are 
the same. Together, they form a non-linear doublet embedded into the quadruplet. It is 
not clear whether the other, l x and 10-forms couple to a 9-brane since they violate the 
assumptions underlying (2.6). Anyway, for these two quantities it is impossible to write a 
gauge-invariant WZ term as in [9]. 

We next consider the charges associated to the doublet of ten-forms. These are 

li: (q a q^)(q 7 qse' 5 )q e , l-i : (q a qp^) (<W 7<5 ) q e ■ (2.13) 

It turns out that using these expressions it is impossible to write down a corresponding 
gauge-invariant WZ term along the lines of [9]. 



2.2 Type IIA 

Although IIA superstring theory has only an R + - duality symmetry the situation is similar 
to the IIB case. In the IIA case the charges of the higher-dimensional Dp-branes can 
be written as products of the DO-brane charge q and the Fundamental Fl-string charge q 
as follows: 

~(m) = ~ q m/2-l/2 ? m = p + 1 . (2. 14) 

Note that, unlike in the IIB case, the basic charges correspond not only to 1-branes but also 
to 0-branes. The difference with the IIB case can be traced back to the fact that the IIA 
and IIB gauge algebras have different so-called fundamental symmetries. The fundamental 
symmetries are the basic gauge symmetries out of which all other symmetries can be 
generated by taking multiple commutators. It turns out that the fundamental symmetries 
of the IIB gauge algebra are the ones corresponding to the doublet of 2-form potentials, 
i.e. the RR and NS-NS 2-form potentials, whereas those of the IIA gauge algebra are given 
by the gauge symmetries corresponding to the RR 1-form and NS-NS 2-form potentials. 

We have collected the different n-form potentials of IIA supergravity in Table 3. The 
corresponding brane tensions scale as , 6 

9s, a = -\{n-w) = -n{q), (2.15) 

where w is the weight under R + , n is the rank of the form and n(q) is the number of q 
charges that occurs in the expression of the p-brane charge, with p = n — 1. In the second 
column we have indicated all RR n-form potentials with n odd. The 3d column contains 
the Fundamental 2-form that couples to the Fundamental string Fl. The I2 6-form in 

6 This formula assumes that the n-form transforms to a gravitino with a non-zero coefficient. 
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Table 3: The ten-dimensional ft A case: the 2nd, 3rd and 4th column indicates the R + - 
representations of the Ramond-Ramond, Fundamental and Solitonic fields, respectively, ft 
is not clear whether the 10-forms indicated by accolades couple to a brane. 

the 4th column couples to the solitonic 5-brane NS5A that is dual to the Fundamental Fl 
string. The I4 8-form is the dual of the IIA dilaton. It is not clear whether it couples to 
a brane since under supersymmetry it does not transform to the gravitino, which was one 
of the assumptions going into (2.15). Finally, there are two 10-forms. For both of them it 
is not clear whether they couple to a brane [27]. 

3 Gauge Algebra in Any Dimension 

In [19] the gauge algebra of all maximal ungauged and gauged supergravities in any di- 
mension was derived from E n . Under En the fields transform as 

5A = a + aAA + aAAAA + ... , (3.1) 

where we denote with A the form fields and with a the corresponding constant parame- 
ters. In the ungauged case, which is the one on which we will focus from now on, these 
transformations are promoted to gauge transformations via the identification 7 

a ->■ dA , (3.2) 

and the resulting gauge algebra can be schematically written as 

5A = dA + dA A A + dA A A A A + ... . (3.3) 

The algebraic setup underlying the promotion of the global En symmetries to local ones was con- 
structed in [28]. The same construction applies to the case of gauged supergravities, in which the gauge 
algebra results from the identification a — > dA + gA, where g is the gauge coupling constant [19]. 
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Although the En algebra is non abelian, one can make, in any dimension, suitable field 
redefinitions, as well as field-dependent redefinitions of the gauge parameters, such that the 
resulting gauge algebra is abelian, that means that the gauge transformations are gauge 
invariant. 8 This corresponds to writing the gauge transformations as 

8 A = dK + A A F , (3.4) 

where F's denote the gauge-invariant field strengths. In this section we will derive the 
gauge algebra in this basis. 

In D dimensions the global symmetry is E n _£), and each n-form carries a representation 
of E n _£> that we denote with a lower M n index [19], see eq. (1.12). Using this notation 
the field strength of the 1-form is 

^2,Mi — dA ljMl (3.5) 
and it is invariant under the gauge transformation 

SA ljMl = dA 0Ml . (3.6) 
The field strength of the 2-form is 

(3.7) 

where f MlNl m 2 is an invariant tensor of En_£> and an upstairs index M n denotes the con- 
jugate representation, which means that there is an invariant tensor 5^™- Gauge invariance 
of -F 3)M2 implies 

(3.8) 

One also gets the Bianchi identities 

dF 2> Mi — 

dFz y M 2 — f MlNl m 2 F2,m 1 F 2 ,n 1 ■ (3.9) 

The part of the invariant tensor f MlNl M 2 which is antisymmetric in M 1 and Ni can always 
be eliminated by means of a field redefinition A 2tM , 2 — > A 2jM , 2 — \ f MlNl M 2 A\ t M 1 Ai t N 1 - We 
can therefore assume that f MlNl M 2 is symmetric in Mi and Ni. This condition naturally 
follows from the Jacobi identities of the En algebra. 
The field strength of the 3-form is 

Fa,m 3 = dA 3: M 3 + f MlM2 m 3 Ai : m 1 F3 : m 2 + f MiMl m 3 A 2i m 2 F 2i m 1 ■ (3.10) 

One can always redefine suitably the fields in such a way that the En_c invariant tensors 
satisfy the constraints 

rM 2 M\ o rM\M 2 

J M 3 — *J M 3 , 

^V*^ , (3.11) 



8 In the context of supergravity, the existence of an abelian basis for the gauge algebra has been used 
in [29] . More generally, gauge algebras that do not necessarily have an abelian basis have been considered 
in [30]. 
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which we therefore assume. These can also be seen as coming from En Jacobi identities. 
To summarise, the field strength is 



Fa,Ms ~ dA 3tM3 + / MiM2 m 3 [^4i,Mi-^4,m 2 + 2A 2i m 2 ^2,Mi] , (3-12) 
and the gauge transformation of the 3-form is 

^3,M 3 = dA 2i M 3 — / MlM2 M 3 [Ao,Mi-^3,M 2 + ^l,M2^2,Mi\ ■ (3.13) 

One also has the Bianchi identity 

dF^M z = 3/ MlM2 M 3 -p2,Mi-p3,M 2 • (3-14) 



For the 4-form one gets 

^5,M 4 = dA± :Mi + / MlM3 M 4 [^l,Mi-^4,M 3 + ^A 3yM . A F 2 ^ Ml ] + f M2N2 M 4 A 2: M 2 -^3,AT 2 (3.15) 

and 



$A i: M 4 — dA 3:M4 — f MlMi M 4 [^0,MiF4,Ms + 3A 2j M 3 -^2,Mi] — f M2N2 M 4 ^i,M 2 F^,N 2 i (3.16) 

with the constraints 

f M2N2 M 4 f MlNl N 2 = Qf (Miml Mj mm M 3 (3.17) 

and the constraint that f M2N2 M 4 is antisymmetric in M 2 and N 2 . This analysis can easily 
be extended to forms of higher rank. 

For the convenience of the reader we write the explicit form of the various invariant 
tensors in dimension D from 9 to 4, for each dimension separately. This reproduces the 
results of [19] in the abelian basis. The notations we use here are taken from that paper. 
The results are summarised in Table 4. 



D=9 

In nine dimensions the global symmetry is GL(2,R) = SL(2,R) x R + and the fields are 



1-form 


2 t 


3 lx A la , A l 


2-form 


2i 


A 2 , a 


3-form 


li 


A 3 


4-form 


1 2 


A 4 , 



where a = 1,2 is an SL(2,R) doublet index and the sub-index indicates the R + - charge. 
The only non-trivial invariant tensor is the epsilon symbol of SL(2,R), and from Table 4 
one can see that the conditions (3.11) and (3.17) are satisfied. 
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D 




A 2 ,M2 


A3,M 3 


• 1 ;..)/, 


i> A JT AT 

f MlNl M 2 


it ft/l ft/f 

f MlM2 M 3 


f MlMi M 4 


n ft JT M 

£ M2N2 , , 

J M A 


9 


A ha A 1 


A 2 ,a 


A 3 


A 4 


rS a 
°0 




1 

3 


e af3 


8 


Al t Ma 


Af 


A 3 , a 


A^M 


e MNP e a(3 


zMsa 
°N°f3 


±xM a/3 
l2 °N e 


tMNP 


7 


Ai,MN 


A" 


A^M 


j^MN 


e MNPQR 


AM r-N] 

6 P 6 Q 


1 MNPQR 
3 fc 


5 [P 5 Q] 


6 


A lt& 


A 2y M 


A 3 ,a 


A^MN 






— 12 V- jV mn) 


S [P S Q] 


5 


Ai,M 


Af 


A 3 , a 


j^MN 


d MNP 


lJa,M 


gaM,NP 


5 [P 5 Q] 


4 


Ai,M 


A 2 , a 


A 3 ,A 


Aa,o.P 


p)MN 

a 


gMa 


riMA 
°a/3 


°1 °S 



Table 4: The E u _o invariant tensors associated to all the fields up to the 4-form corre- 
sponding to dimensions D from 9 to 4. The definitions of the invariant tensors and the 
relations between them are taken from [19]. 

D=8 

In eight dimensions the global symmetry is SL(3, M) x SL(2, M) and the fields are (M = 
1,2, 3; a = 1,2) 

1- form (3,2) A ljMa 

2- form (3, 1) A? 

3- form (1,2) A^ a 

4- form (3,1) A 4M . 

Given the invariant tensors of Table 4, the conditions (3.11) and (3.17) are identically 
satisfied. 



D=7 

In seven dimensions the symmetry is SL(5,M), while the representations of the fields up 
to the 5-form and the corresponding notations are (M = 1, . . . , 5) 

1- form 10 Ai t MN 

2- form 5 Af 

3- form 5 A 3;M 

4- form 10 Af N . 

Given the invariant tensors of Table 4, one may verify that the conditions (3.11) and (3.17) 
are satisfied. 



D=6 

The global symmetry of the six-dimensional theory is 5*0(5,5). The representations of 
the fields up to the 5-form, and their corresponding notations, are (a, a — 1, . . . , 16; M — 
1,...,10) 
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1-form 


16 




2-form 


10 




3-form 


16 


A 3 , a 


4-form 


45 





The invariant tensors are 10-dimensional Gamma matrices, and the conditions (3.11) and 
(3.17) are Fierz identities. 

D=5 

In five dimensions the global symmetry is E 6 . The representations of the fields up to the 
5-form, and their corresponding notations, are (M = 1, . . . , 27; a — 1, . . . , 78) 

1- form 27 A ljM 

2- form 27 A? 



3- form 78 

4- form 351 Af N 



It should be noted that we are considering the split, or real form of E 6 , therefore the 
representations are real. With 27 we simply mean the representation that is dual to the 
27. This will be the case in all dimensions. The conditions (3.11) and (3.17) are satisfied 
by the invariant tensors in Table 4. 

D=4 

Finally, in four dimensions the global symmetry is E 7 . The representations of the forms 
up to the 5-form and the corresponding notations are (M = 1, . . . , 56; a — 1, . . . , 133; A = 
1,...,912) 

1- form 56 ^4i,m 

2- form 133 A 2 , a 

3- form 912 A 3 [ A 

4- form 8645 + 133 A 4:Ct/3 . 

The index A with which we denote the 912 representation should not be confused with 
the A vector index of the T-duality group in any dimension. The reducible representation 
to which the 4-forms belong is the antisymmetric product of two adjoint (i.e. 133) indices. 
Therefore the a(3 indices of the 4-form are meant to be antisymmetrised. Note that in all 
dimensions the representation of the 4-form is the antisymmetrised product of two 2-form 
representations. 

Given the invariant tensors listed in Table 4, eq. (3.11) becomes 
while eq. (3.17) is 

8£D% N = 6C\f lAl S% )a . (3.19) 
These two equations are both satisfied, see [19]. 
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4 From the A-fields to the C-fields 



In this section we wish to generalise the IIB construction of [9] , thus determining in any di- 
mension the RR C-fields starting from the duality-covariant A-basis of the previous section. 
Schematically, we expect the C fields to transform under the RR gauge transformations as 

5C ~ d\ + H A A , (4.1) 

where A are the gauge parameters of the RR fields and H are the field strengths of the 
Fundamental fields, that is the fields corresponding to the branes whose tension does not 
depend on the dilaton in the string frame. In ten dimensions, H is a 3-form. By dimensional 
reduction, we expect H in D < 10 dimensions to be either a two-form or a three-form. 
That is why we have not yet indicated the rank of the forms in (4.1). The precise form of 
this equation will be given below, see eq (4.14). 

The T-duality subgroup of the U-duality group E n _ in D dimensions is SO(10 — 
D, 10 — D). It is known that the RR fields transform in the spinorial representations of the 
T-duality group [20]. This is consistent with the fact that, upon reduction over a single 
dimension, each Dj9-brane gives rise to two branes: a Dp-brane (dimensional reduction in 
the transverse direction) and a D(p— l)-brane (dimensional reduction in the worldvolume 
direction). Therefore, the total number of D-branes doubles when going one down in 
the dimension D. This is precisely what happens with the dimension d sp inor of a spinor 
representation of the T-duality group SO(10 — D, 10 — D) which is given by <i sp mor = 2 9 ~ D . 
It turns out that, more precisely, the forms of odd rank transform as spinors of a given 
chirality, while the forms of even rank transform as spinors of the opposite chirality. As 
we will see in this section, this is completely general and applies to RR (D — 1)- and in- 
forms as well. 

We now decompose in any dimension each duality-covariant form, belonging to a given 
En_£) representation denoted by M n , in terms of representations of SO(10 — D, 10 — D). 
More precisely, we have 

E n _ D D SO(10 - D, 10 - D) x R+ (4.2) 

in all cases D < 10. In D = 4 and D = 3 dimensions there are extra symmetry enhance- 
ments, such that in D = 4 the decomposition is 

E 7 d SO(6,6) x SL(2,R) , (4.3) 

and in D = 3 one has 

E 8 DSO(8,8) . (4.4) 

From the point of view of this paper these symmetry enhancements are not practical since 
they combine the RR-fields together with n-forms that couple to other kind of branes in 
one multiplet. We will therfore consider the further decompositions 

SL(2,M)DM+ (4.5) 
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for D = 4 and 



SO(8,8) D SO(7,7) xM+ 



(4.6) 



for D — 3. In the second part of this section we will discuss the above decompositions for 
each dimension separately. Here, we first anticipate the main outcome of this analysis. 

Using the fact that eq. (4.1) relates a RR n-form to the gauge parameter of a RR 
(n — 2)-form, it follows that considering the decomposition (4.2), the 1R + - charges satisfy 
the relations 



where we denote with u>RR,(n) the charge of the RR n-form and with u>f(1) and wf(2) the 
charge of the Fundamental l-forms and 2- forms. In Tables 6-11 the decomposition of all 
the forms with respect to T-duality is performed in any dimension 4 < D < 9. From an 
analysis of the R + - charges in the tables, it is straightforward to see that the condition 
(4.7) on the charges has only one solution, and, moreover, it is the same solution in any 
dimension. That solution is: 

• All RR- forms, including the (D — l)-forms and the D-forms, belong to the spinor 
representations of the T-duality group. The RR-forms of odd rank transform as 
spinors of a given chirality, and the RR-forms of even rank transform as spinors of 
the opposite chirality. 

• In the cases in which the representation of the U-duality group is reducible, as is 
always the case for D-forms, and also for (D — l)-forms in dimension higher than 
six and for (D — 2)-forms in dimension higher than seven, the RR-forms are always 
inside the highest-dimensional representation. 

• The Fundamental l-forms always belong to the vector representation of the T-duality 
group. We denote these fields by Bi ^, with A a vector index of SO(10 — D, 10 — 
D). Half of these represent the wrapped Fundamental strings, while the other half 
correspond to reduced pp- waves which, in D = 10, are T-dual to the Fundamental 
string. 

• The Fundamental 2-form always transforms as a singlet under T-duality. This is not 
surprising because this is the form associated to the Fundamental string. 

In the four- dimensional case, in which the decomposition of eq. (4.3) occurs, the situation 
is more subtle due to the further decomposition (4.5) but the final result is exactly the 
same, as we will show in the last subsection of this section. 

The general result is summarised in Table 5. A straightforward way of reaching this 
conclusion for the lower rank forms is to consider explicitly the dimensional reduction of 
IIA and IIB supergravity. The same dimensional reduction also gives the right answer 
for the higher rank RR-forms that do not describe physical degrees of freedom. It turns 
out that all RR-forms in D < 10 dimensions arise from dimensional reduction of the IIA 



wrr(u) = w RR (n - 1) + w F (l) 



wrr(u) = wrr(u - 2) + u> F (2) 



(4.7) 
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field 


RR 


F 


^4l,Mi 


Cl,o 




^2,M 2 


C2,d 




^2n-l,M 2 „-i 


C2n-l,a 




A2n,M2n 


C2n,d 



Table 5: The RR and Fundamental Gelds in any dimension. In the last two lines n is meant 
to he greater than 1 . 

or IIB RR-forms. This is not the case for the forms that we have collected in the 'Rest' 
columns of the different Tables which have dilaton couplings different from the RR and 
Fundamental fields. Their higher-dimensional origin resides in the mixed representations 
predicted by En. These 'Rest' fields are a minority in D = 10 dimensions but become a 
majority in lower dimensions. Besides Solitonic objects they might describe other exotic 
objects in string theory with unconventional dilaton couplings, like 1/gf, l/g^, etc. The 
precise meaning of these objects, if they exist et all, is not understood. 

Given these general results, we now proceed with analysing how the C-basis is defined 
in terms of the duality- co variant A-basis. As we have already stressed and as Table 5 
shows, the RR-fields transform in the fermionic representations of SO(10 — D, 10 — D) and 
we denote them by 

C 2n -l,a , C2n,d (4.8) 

denoting with a and d the 2 9_D -dimensional spinor representations of SO (10 — D, 10 — D). 
It is useful to list the conventions for the SO(10 — D, 10 — D) Gamma matrices that we 
are using. In particular, we are using a Weyl basis, so that the Gamma matrices have the 
form 



(T A ) a 



(4.9) 



(T A )a b 

where a, d = 1, 2 9 ~ D . They satisfy the Clifford algebra 

{r A , r B } = 2 VAB (4.io) 

where i] A b is the Minkowski metric. 

Because of charge conservation, we expect the NS-NS field strengths of Bi >A and 
B 2 to be 

H 2jA = dB ljA 

H 3 = dB 2 + B 1A H 2:BV AB , (4.11) 

whose gauge invariance fixes the gauge transformations of the fields to be 

5Bi tA = gE 0)j4 

5B 2 = dY, l -Y lQA H 2 , B r 1 AB . (4.12) 
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We write down the field strengths and gauge transformations of all the RR fields in the 
compact form 

G = dC + H 3 C + H 2A Y A C (4.13) 

and 

SC = dX + H 3 X - H 2A Y A \ . (4.14) 

Here we denote with C the sum of all the RR forms, in the spinor representation of 
SO(10 — D, 10 — D), where each odd form in the sum is projected on one chirality and 
each even form on the opposite chirality, and the opposite projection occurs for the gauge 
parameters A. In components the two equations read 

G 2n ,a — dC2n-l,a + H 3 C2 n ~3,a + H 2j a(T A ) a b C 2n _ 2 j ) ' 

G 2n +l,a — dC2n,a + H 3 C2 n -2,a + H 2j a(F A ) ^ 1 C 2n -l,b j (4-15) 

and 

SC 2n -l : a = d\ 2n -2,a + H 3 \ 2n -^ a ~ H 2 ^a{^ A ) a \ n - 3> b , 

5C2n,a = d\ 2n -l,a + H 3 \2 n -3,a ~ H 2 ,A {^ A ) h ^2n-2,b ■ (4.16) 

We now introduce the charges q^f 1 and q^ 1 that project the 1-forms on the RR and 
Fundamental 1-forms respectively. That is 

C 1>a = q^A 1>Ml , B lA = qfA 1Ml . (4.17) 

Up to field redefinitions, the most general expression for the RR and Fundamental 2-forms 
is 

B 2 = q M2 A 2M2 

C2,a = q^A2 M2 + a{Y A )a b q^ h q N A 1 A 1Ml A hNl , (4.18) 

where the parameter a will now be determined by consistency. Indeed, varying both 
expressions according to eqs. (3.8), (4.12) and (4.14), and using the fact that f MlNl M 2 
is symmetric in Mi and Ni, one obtains a — \. Furthermore, consistency implies the 
constraints 

qM 2fMlNlM2 = (r^^f^ (4.19) 

and 

qM.fM^^ = q Mi q N lr] AB (42Q) 

These relations can be inverted using the invariant tensor /miA^ 2 ! where in general 
fM m N n Pm+n is such that 

fM m N n f „ Qm+n — xQm+n (A 91 \ 

J P m+n jM m N n — °P m+n > l 4 - zi J 
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and thus they determine the charges of the 2-forms entirely in terms of the charges of the 
1-forms: 

~M 2 _ (-pA\ b~Mi Ni 7 M 2 
Qa — I 1 )a % Qa iM\N\ , 

n M 2 _ n M ln N l AB 7 M 2 I a oo\ 

Q - Qa Qb V JMiTVi • l 4 -^J 
To summarise, the expressions for the gauge fields and the gauge parameters are 

D — n M! AB f M 2 a 

C2,d = (r )d b % 1 Qa 1 (/miJVi^ ''A 2 ,M 2 + |^l,Mi^l,JVi) , (4.23) 

and 

Ex = g M2 Ai,M 2 , 

Ka = ?f 2 Ai,M 2 + (T A ) a b q [ b ^q^ ] A 0Ml A hNl . (4.24) 

We now move to the 3-forms. Before determining the actual expression for the RR 
3-form in terms of the A-fields, we first analyse the corresponding charge. In principle, the 
charge q^ 1 ' 3 can be written as either 

(r A )Af /2 ^ f~M lM2 M3 (4.25) 

or 

q^fM^™ 3 ■ (4.26) 
Substituting the relations (4.22) and using the condition 

fmm^fN^ 2 = o , (4.27) 

which is the conjugate of the second of the constraints of eq. (3.11), one can see that the 
two expressions for q^f 3 are actually proportional, and therefore one can write 

Qa ^ Qa Qa Qb V JN1P1 J M\M 2 ■ l 4 -^°J 

We are now ready to determine the relation between the RR 3-forms and the A-fields, 
which also determines the coefficient in (4.28). The procedure is completely general: we 
know the variation of the C field, that is eq. (4.14), and we known the transformation of 
the 3-form A field, that is eq. (3.13). We then compare the two expressions solving for C 
in terms of A. The final result is 

n — zMi n N! Pu 1 rb AB 7 M 2 7 M 3 A lf r A-pB\ b7 M 2 a a 

- 2 Av AB f~N lPl ¥ A 1Ml A 2 , M2 + KT^A^A^A^} . (4.29) 

Proceeding this way one can determine the relation for all the RR C-fields in terms of 
the duality-covariant A-fields. These results are general and apply to any dimension. We 
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give the expression for the charge of any D-brane in terms of the charges q^f 1 and q A 1 . For 
instance, for the 4-form one gets 

Qa (X l 1 >a V % QA IB 1c MQi J N x M 2 Mm 3 • (4.dU) 

This expression is unique, in the sense that there is no other independent way of contracting 
one q^f 1 with three tj^'s to get an object with the right indices. The reason is, like in the 
discussion of the 3-forms above, the constraints that the / generalised structure constants 
satisfy for consistency of the gauge algebra. In this case the relevant constraint is the 
conjugate of eq. (3.17). One can show that this is true in all cases, and the general 
expression for the charge is 

d M 2n+1 ~ Ml aWbW /f" ) /'/ WB( " ) f (1) M * f~ M ^ U31) 

for odd forms and 

~M 2n+2 /pAyb-Jlfi iVi A WbW A W B W f M 2 f M 2n+2 

1 a 00 I 1 )a % Qa Q A m Qbw 7 ! ■■■q A (n)q B (n)V Jmiati ■■■Jp[ v >M 2n+1 

(4.32) 

for even forms. 

Clearly one can in general construct charges with n(q) ^ 1, which do not correspond to 
D-branes. It turns that that there is a simple formula for the dilaton scaling of the tension 
of the brane to which the n-forms couple. It is given in terms of the number n(q) of basic 
q charges that one uses in the above expressions. All tensions scale as 

g« , a = -n(q) . (4.33) 

This formula assumes that the corresponding n-form transforms under supersymmetry to 
the gravitino with a non-zero coefficient that only depends on the dilaton scalar. 

The structure for the charges we found above simplifies if we consider only those charges 
that are generated by 2-form basic charges. This corresponds to considering the gauge 
algebra of the even-form fields whose gauge transformations are generated by the 2-form 
gauge transformation, that is considering only the structure constants f MmNn p m+n where 
m and n are even. The 2-brane charges are in fact given in terms of the 1-form charges 
in (4.22), but now we consider them as basic charges and we indicate them schematically 
with Q in order to distinguish them from the original 1-form charges q. We will make use 
of this observation when we discuss the issue of conjugacy classes for the D = 8 case below. 
The simplification is that when one projects on this sector, in the original expression for 
the higher-form charges in terms of the 1-form basic charges q all 1-form basic charges pair 
up to 2-form basic charges Q ~ qq. More specifically, assuming that the 2-form sector only 
contains RR and Fundamental 2-forms, which is true for D > 6, 9 the basic charges are 
given by 

Of 2 , Q M > • (4.34) 

9 For D < 6 one should include the charge of the solitonic 1-brane as well, but this does not affect the 
analysis of the RR sector. 



20 



These basic charges define the RR and Fundamental 2-forms as 

C 2 ,a = Qf 2 A 2 , M2 , B 2 = Q m A 2M2 . (4.35) 

We next consider the gauge algebra restricted to this sector and, for simplicity, we consider 
only the gauge transformations of the 2-forms and 4-forms: 

8A M2 = dA Mi 

5A M4 =5A M4 - f M2N2 M AM 2 F N2 , (4.36) 

where f M2N2 M 4 is antisymmetric in M 2 N 2 . The remarkable thing about this subsector is 
that in all cases, that is in any dimensions, the invariant tensor f M ' 2N2 M 4 does not put any 
constraint, that is the representation M 4 is in all cases precisely the antisymmetric product 
of two M 2 representations [19]. The consistency of the gauge transformations requires the 
C^a RR-field to be expressed in terms of the U-duality-covariant A-fields as 

C4,d = Q^ 2 Q N2 {f M 2 N 2 Mi A A)Mi — -^A 2) m 2 A 2) n 2 ) > (4.37) 
where the charge Q^ 4 is 

Qf = Q™ 2 Q N2 f M2 N 2 m • (4.38) 

The difference with respect to the full case is that no invariant tensor of SO(10 — D, 10 — D) 
takes part in the expression (4.38). This is because the Fundamental 2-form charge is a 
singlet. The only reason why this is consistent is that neither does fM 2 N 2 MA pose any 
constraint on the representations. We therefore arrive at the conclusion that there is a 
collaboration between the universal unconstrained structure of the gauge algebra when 
restricted to the forms generated by the even-form basic charges only, and the fact that 
there are fundamental strings in the theory that are singlets under T-duality. In other 
words, the gauge algebra knows about strings! 

Below we show how things work out for each dimension 4 < D < 9 separately, starting 
with the highest dimension. 



D=9 

The U-duality symmetry of maximal supergravity in nine dimensions is SL(2, M) x IR + . One 
can consider the nine-dimensional theory (as well as any lower dimensional one) as coming 
from dimensional reduction of either the IIA or the IIB theory. It is instructive to review 
how the branes in the IIA theory can be seen from 11 dimensions, which is summarised as 

9 J -)• DO V» ->• F1 

D2 A^...^ D4 

^i-M6 -> NS5A . (4.39) 

Here we denote with (j the compact 11th coordinate, and the 6- form A 6 is the magnetic 
dual of the 3-form A% in eleven dimensions. 
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Reducing to nine dimensions results in the fields collecting in SL(2,R) multiplets, as it 
is obvious from the 11-dimensional or IIB origin of the theory. We analyse the fields from 
the II A/ 11-dimensional viewpoint. 10 Denoting with 9 the compact 10th coordinate, the 

1- forms, and the corresponding 0-branes, are 

(^V)^(D0,F0) A^^FO , (4.40) 
while the 2-forms, and the corresponding 1-branes, are 

(A, u9 ,A^)^(Dl,Fl) , (4.41) 

the 3-form (and 2-brane) is 

A, up D2 (4.42) 

and the 4-form (and 3-brane) is 

A^ m ^m . (4.43) 

The fact that we have called F0 the brane associated to the field g^ 9 , which is a reduced 
pp-wave, is straightforward from considering the T-dual IIB picture. For all the other cases 
the assignments are straightforward from the reduction of eq. (4.39). 

There are a doublet and a singlet of 1-forms, and what eq. (4.40) shows is that the 
RR-form always belongs to the doublet. Besides, no matter how we choose the RR-1- 
form within the doublet, eq. (4.41) reveals that the RR-2-form must correspond to the 
same component. 11 A similar analysis can be performed for the higher rank branes. The 
decomposition of the 1-forms in terms of RR and F fields allows us to identify the q and q 
charges as 

C 1 = q a A 1 , a B 1 = q a A 1 , a B[ = qA 1 . (4.44) 

This breaks SL(2,R) to the subgroup SO(l,l), which is isomorphic to M + . We denote 
with wi the charge associated with this M + , while the charge associated to the original 
R + is denoted with w 2 - The actual T-duality group is a linear combination of these two 
M + -factors such that the weight w under the T-duality group is given by w = Wi — w 2 - We 
summarise the decompositions of all the fields in Table 6. 

By analysing the table, one can determine the charges for all the other fields. For the 

2- forms A 2 , a one has 

(-1,1): q a q (1,1): q a q , (4.45) 
for the 3-form A 3 the charge is 

(0, 1) : e aP q a q P q (4.46) 

10 From the IIB point of view one obtains the same results, only the ten-dimensional origin is different. 
What is a reduced pp-wave from the IIA point of view becomes a wrapped Fundamental string from the 
IIB point of view. Nothing changes for RR fields. 

u In comparing the doublet of eq. (4.40) with the doublet of eq. (4.41) one should keep in mind that 
the SL(2,R) indices are raised and lowered by means of the epsilon symbol. 
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field 


U repr 


RR 


F 


Rest 


1-form 


2 


(-1,0) 


(1,0) 




li 




(0,1) 




2-form 


2i 


(-1,1) 


(1,1) 




3-form 


li 


(0,1) 






4-form 


1 2 


(0,2) 






5-form 


2 2 


(1,2) 




(-1,2) 


6-form 


2 3 


(1,3) 




(-1,3) 


1 2 






(0,2) 


7-form 


3 3 


(2,3) 




(0,3) + (-2, 3) 


1 3 






(0,3) 


8-form 


3 4 


(2,4) 




(0,4) + (-2,4) 


2 3 






(1,3) + (-1,3) 


9-form 


4 4 


(3,4) 




(1,4) + (-1,4) + (-3,4) 


2 x 2 4 






2 x [(1,4) + (-1,4)] 



Table 6: The decomposition of the n-form potentials of D = 9 maximal supergravity. The 
U-duality is SL(2,M) x R + . We denote with (w 1 ,w 2 ) the weights associated to R + x R + . 
The weight under T-duality is W\ — w 2 . 

and for the 4-form A4 is 

(0,2): e a/3 gW • (4.47) 
The expression for the RR and Fundamental 2-forms is thus 

C 2 = q a qA 2 , a B 2 = q a qA 2 , a , (4.48) 

and similarly for the higher rank forms. 

Denoting with n(q), n(q) and n'(q) the number of times the charges q a , q a and q 
respectively occur in the decomposition of a given charge, one has the relations 

n(q) — n(q) = w± n '(q) = w 2 . (4.49) 

Using this and the actual SL(2,R) representation to which each field belongs, the reader 
can identify the charges corresponding to the higher rank fields. For instance, the 9-form 
in the quadruplet is A 9ja/ g 7 , and its (3,4) component is projected by 

(3,4): (6 a/3 g~V)gYgV , (4.50) 
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which is a RR field (n(q) = 1), while for the 9-form in the second doublet, A' 9a , the 
component (—1,2) is projected by 

(-1,2): (e^gV)W , (4.51) 

which has n(q) = 4. Finally, the relation between the charges W\ and w 2 of an n-form and 
the dilaton scaling of the tension of the corresponding (n — l)-brane (if any) in the string 
frame is ^ 

a = -(wi+w 2 -n) , (4.52) 

which is in agreement with (4.33) using (4.49) and 

n = n(q) + n(q) + n'(q) . (4.53) 

For convenience, we now write down explicitly the gauge transformations of the C and 
B fields. The two Fundamental 1-forms B\ and B[ transform as 

6Bi = rfS 5B[ = rfSo , (4.54) 

and we denote their fields strengths as 

H 2 = dB l H' 2 = dB[ . (4.55) 

The Fundamental 2-form B 2 transforms as 

5B 2 = dT ll -^{^H 2 + T l0 H' 2 ) , (4.56) 

where the relative normalisation between the two terms in brackets has been chosen for 
convenience (one can always change it by a field redefinition of the form B 2 — > B 2 + BiB[). 
The gauge invariant field strength is 

H 3 = dB 2 + ^(B[H 2 + B 1 H' 2 ) (4.57) 

and in the next section we will be needing the Bianchi identity 

dH 3 = H' 2 H 2 . (4.58) 
From Table 6 one obtains that the gauge transformations of the C fields of even rank 

are 

$C 2n = d\ 2n _i + H 3 X 2n _ 3 — H' 2 \ 2n - 2 , (4.59) 
while the gauge transformations of the C fields of odd rank are 

5C 2n+1 = d\ 2n + H 3 \ 2n „ 2 - # 2 A 2 n-i • (4.60) 
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U repr 


RR 


F 


Rest 


1-form 


(3, 2) 


(l,2)- 2 


(2,2)! 




2-form 


(3,1) 


(2,l)-i 


(1,1)2 




3-form 


(1,2) 


(l,2)o 






4-form 


(3,1) 


(2,l)i 




(l,l)-2 


5-form 


(3,2) 


(1,2) 2 




(2,2)_! 


6-form 


(8,1) 


(2,1) 3 




(2,l)_ 3 + (l,l)o + (3,l)o 


(1,3) 






(1,3) 


7-form 


(6,2) 


(1,2)4 




(2,2) 1 + (3,2)_ 2 


(3, 2) 






(2,2) 1 + (1,2)_ 2 


8-form 


(15,1) 


(2,1) 5 




(4, 1)_! + (2, 1)_! + (3, 1)_ 4 + (3, 1) 2 + (1, 1) 2 


(3,3) 






(2,3)_! + (l,3) 2 


2x (3,1) 






2 x [(2, !)_! + (!, 1) 2 ] 



Table 7: The decomposition of the n-form potentials of D = 8 maximal supergravity. The 
U-duality symmetry is SL(3, R) x SL(2, R) and the T-duality is SL(2, R) x SL(2, R), wiitfe 
tie subscript denotes the R + - charge w. 

D=8 

We consider the 8- dimensional theory from the IIA perspective, and we thus reduce the 
fields and branes in (4.39). We first consider the 0-branes. Upon reduction we obtain the 
following six 0-branes: 

2^ DO ^FO g^^FO 

DO A^-^FO A^ — > FO . (4.61) 

Using the SL(3,R) epsilon symbol e 89 ^ = 1 we can write the last line as 

->■ DO A M 9 ->• FO A^j 8 ->■ FO . (4.62) 

We therefore end up with two triplets (M = 8, 9, Jj) in the 3 representation of SL(3, R): 

A, M i = (V , V , V) = (FO , FO , DO) , 

^,M2 = (<?/,<?/,<?/) = (F0,F0,D0). (4.63) 

Together, the two triplets transform as a doublet A^ Moi (a = 1,2), i.e. as a (3,2) repre- 
sentation of the U-duality group. 
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Next, we consider the 1-branes. We have 

A^-tFl, A^-tDl, Vs^Dl • (4-64) 
This forms a single triplet in the (3, 1) representation of the U-duality group: 

A" = ( Vs , A-9 , Ah) = ( D1 , D1 , F1 ) • ( 4 -65) 
Finally, we consider the 2-branes. These are 

A^p ->• D2 , Vp89« -> D2 . (4.66) 

The two fields are SL(3, R) singlets, which form an SL(2,R) doublet A^ a . 

By looking at equations (4.63), (4.65) and (4.66) one can see that there is an SL(2,R) 
inside SL(3,R) which leaves the DO-branes and the D2-branes invariant and transforms 
covariantly the Dl-branes (in our choice this is the SL(2, R) that rotates the first two com- 
ponents of the triplet). It is also evident that the DO-branes and the D2-branes transform 
covariantly with respect to the other SL(2, R), while the Dl-branes are invariant. The 
T-duality is thus SL(2, R) x SL(2, R). In Table 7 we give the decomposition of all the fields 
in terms of the T-duality group. We also give in the table the corresponding R + - charge as 
a subscript. The conventions for this charge in this case and in all the lower dimensional 
ones are taken from [31]. 

The table allows us to identify the q charges. In particular, from eq. (4.63) we see that 
the DO-branes are a doublet of the U-duality SL(2, R), and we thus write 

Cl,a — Q M Ai : Ma j Bl,aa — A ljMa , (4.67) 

where a denotes the doublet of the SL(2,R) inside SL(3,R). All other charges projecting 
the higher rank forms can be uniquely expressed as products of these basic charges following 
the general analysis at the beginning of this section. Denoting with n(q) and n(q) the 
number of times the charges q M and q^ occur in the decomposition of a given field, the 
R + - charges of the n-form fields (n = n(q) + n(q)) are related to these numbers by 

w = -2n(q) + n(q) . (4.68) 

In case the form is associated to a brane, the dilaton scaling of the tension of a D-(n — 1)- 
brane is given in terms w as 

g% a = - l -{n-w). (4.69) 

It is instructive to identify all the q charges for the higher rank fields applying to the 
eight-dimensional case the general analysis at the beginning of this section. For the two 
forms A^ eq. (4.22) becomes 

(2,1)_! : q N q?e M NP (1,1) 2 : q&q^ $ e MNP , (4.70) 
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so that the RR and Fundamental 2-forms are given by 

C2, & = q N <£e M NpA% 1 B 2 = q%q P e^e MNP A 2 11 . (4.71) 
For the 3-forms A 3:a eq. (4.28) gives 

(1,2)„: q M q%q?6^eMNP ■ (4.72) 

One can actually determine the charge associated to all the fields in Table 7, not only the 
RR fields. For instance, for the 5-forms A^ a , one gets the charge projecting on the RR 
field, which is the (1, 2) 2 , 

(1, 2) 2 : q N q P q9q^q? e^e^e NMQ e PRS , (4.73) 

which has n(q) = 1 and n(q) = 4, and the charge projecting on the (2, 2)_i, 

(2,2).!:^??^^™ , (4.74) 

which has n(q) = 2 and n(q) = 3. One can show that any other structure made of g's and 
g's with n(q) + n(q) = 5 projecting the 5-form vanishes identically. 

As an example, we now wish to consider the non-trivial conjugacy classes to which the 
D5-branes belong. For this purpose, it is much easier to consider the truncation to the even 
form sector, that is all the even-form fields whose gauge transformations are generated by 
the gauge transformations of the 2-form. In that case the basic charges are given by 

Qmcx , Qm • (4-75) 

These basic charges define the RR and Fundamental 2-forms as 

C 2 ,a = QmoA^ 1 , B 2 = QmA^ ■ (4.76) 

The charges of the even-form fields that survive the truncation can be expressed as products 
of these basic charges. In particular, for the 4-form A ijM one gets 

(2,l) i: Q N aQpe MNP (M)- 2 : Qn*Q p ^6 MNP , (4.77) 
while for the 6-form A Q pQ one gets 12 

(2, 1) 3 : QMaQNQQt MNP (2, 1)_3 : QmoQnpQq^' y e MNP 

(3, l)o : QQ(aQ M p)QNt MNP (1, l)o : QMaQ N pQQe al3 e MNP (4.78) 

The R + - charges are related to n(Q) and n(Q) as 

w = 2n(Q) - n(Q) . (4.79) 



12 This 6-form is the (8, 1). The other 6-form, the (1,3), disappears in the even-form truncation because 
its gauge transformations do not talk to the gauge transformations of the lower rank even forms. 
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Similar to the D7-branes in Type IIB string theory, we may now ask which of the eight 
5-branes can be reached by an SL(3, M) rotation of the two D5-branes, which correspond 
to the (2, 1) 3 fields. Consider the three independent three-vectors 

Qm\ > Qm2 > Qm ■ (4.80) 

We observe that in the expression for the charge of the D-brane two of the three vectors 
are the same. This means that by an SL(3, R) rotation one can reach only those branes 
whose expressions for the charge also contains two vectors that are the same. This applies 
to the two (2, 1)_ 3 branes and to two of the three (3, 1) branes. This implies that the 
D5-branes describe a non-linear sixplet embedded into the octoplet. The two remaining 
branes have charges such that the three Q's are all different. One may verify that for those 
branes one cannot write down a gauge-invariant WZ-term. 

The same conclusion can be reached considering the 0-brane charges q and q. To 
summarise, the g's and <fs select covariantly an SL(2, M) inside SL(3, M), and rotating these 
charges under SL(3, M) corresponds to choosing a different embedding. All the components 
of a representation of SL(3, M) that can be reached this way form a conjugacy class. This 
applies to any dimension. 

D=7 



field 


U repr 


RR 


F 


Rest 


1-form 


10 


4-3 


62 




2-form 


5 


4_i 


1 4 




3-form 


5 


4i 




1-4 


4-form 


10 


4 3 




6-2 


5-form 


24 


4 5 




15 + 4_ 5 + 1 


6-form 


40 


4 7 




20_3 + 10 2 + 6 2 


15 






T0 2 + 4_3 + l-8 


7-form 


70 


4 9 




36 1 + 15 4 + 10_ 6 + 4_i + 1 4 


45 






20 1 + 15 4 + 6 6 + 4_i 


5 






4_i + 1 4 



Table 8: The decomposition of the n-form potentials of D = 7 maximal supergravity. The 
U-duality group is SL(5, M) and the T-duality group is SL(4, M). We denote as a subscript 
the M + - charge (notation from [31]). 

We now consider the seven-dimensional case. From eq. (4.39) one finds that the 1-form 
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fields associated to the DO-branes are 

9f} ^89 ^97 A& 7 . (4.81) 

There is a manifest SL(4, R) symmetry associated to the torus, and using the corresponding 
epsilon symbol these fields can be written as 

A^ %7 4 7 Af A* . (4.82) 

Using the SL(5,R) symmetry enhancement, and denoting with 6' the extra index of 
SL(5, R), one can now use the corresponding epsilon symbol on the first vector to obtain 

V 6 ' 4 7 4 8 4 9 • ( 4 -83) 

Thus the D-branes correspond to the components of the vector A^ MN in the 10 of SL(5, R) 
with one index (j. The SL(4, R) which transforms the other four indices is the T-duality. 
Therefore the D-branes belong to the 4 of the T-duality group, while the remaining 1-forms 
have SL(5, R) indices different from (j, which identifies the 6 of SL(4, R). The corresponding 
branes are Fundamental. In order to realise this covariantly, we therefore introduce the 
charges q^f N and q^ N that identify the RR and Fundamental 1-forms: 

Ci,a = q^ N Ai : MN Bi Ab = q^ N A 1jM n ■ (4.84) 

The 2-forms that result from the reduction of (4.39) are 

A(j.vji A^ u9 A^q A^ v7 A^iggft , (4.85) 

and the last component can be rewritten as A^qi, which makes the 5 of SL(5,R). From 
(4.39) it follows that the first component A^ corresponds to the Fundamental string, 
while the other components are associated to Dl-branes. This is in agreement with eq. 
(4.22), which in this seven-dimensional case says that the 2-forms A^ 1 are projected on the 
RR 2-forms in the 4 of SL(4, R) by 

n a — n NP n Q R c abcd aM (a Sfi \ 

and on the Fundamental 2-form by 

B2 = ql P q? d R e abcd e MNPQR A^ . (4.87) 

The decomposition of all the fields under T-duality is given in Table 8. The relation 
between the R + - charge w and the g's is 

w = -Sn(q) + 2n(q) . (4.88) 

From this one can determine all the R + - charges of the various T-duality representations 
given in Table 8. 
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U repr 


RR 


F 


Rest 


1-form 


16 


(8s)-i 


(8c)i 




2-form 


10 


(8 v )o 


1 2 


1-2 


3-form 


16 


(8s)i 




(8c)-i 


4-form 


45 


(8v) 2 




(8v)-2 + 28 + lo 


5-form 


144 


(8 S ) 3 




(8 c )i + (8 v )-i + (8 c )-3 + (56 v )-i + (56 c )i 


6-form 


320 


(8 V ) 4 




(8 v )-4 + 2 x (8 v )o + (35 v ) 2 + (35 v )_ 2 + (160 v ) 
+28 2 + 28_ 2 + 1 2 + 1-2 


126 






(35 s ) 2 + (35c)-2 + (56v)o 


10 






(8 v )o + 1 2 + 1-2 



Table 9: The decomposition of the n-form potentials of D = 6 maximal supergravity. The 
U-duality is SO(5, 5), while the T-duality is SO(4, 4). 

D=6 

In six dimensions the U-duality group is SO(5,5) which is decomposed under the T-duality 
group SO (4,4). This is given in Table 9. We follow the group theory conventions of [31], 
and therefore the RR 2-forms belong to the 8y of SO (4,4). This is not in contradiction with 
the general case, in which all RR fields are in the spinor representations of the T-duality 
group, because of triality of SO (4,4). 

As usual, we denote with w the M + - charge. For the cases in which the n-form can be 
associated to a brane, the corresponding tension scales in the string frame as 

a = -{w-n) . (4.89) 
2 

Only one of the two singlets that arise in the decomposition of the 2-forms is a Fundamental 
string. The other singlet corresponds to a string scaling like g~ 2 , which is the magnetic 
dual of the Fundamental string. 

D=5 

In five dimensions the 1-forms, which belong to the 27 of E 6 , decompose into 16 + 10 + 1 
under T-duality. The decomposition of all the fields is given in Table 10, where the subscript 
denotes the 1R + - charge w. For the cases in which an (n — l)-brane is associated to the 
n-form, the corresponding tension scales in the string frame as 

a = -\(w + 2n) . (4.90) 
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This shows that the 1-form singlet is not a Fundamental particle. This is the highest 
dimension in which the 1-forms are not completely decomposed into RR and Fundamental 
fields. 



field 


U repr 


RR 


F 


Rest 


1-form 


27 


16i 


10-2 


u 


2-form 


27 


16 i 


1-4 


10 2 


3-form 


78 


16 3 




16 3 + 45 + 1 


4-form 


351 


16 5 




16i + 45 4 + 120 2 + 144x + 10 2 


5-form 


1728 


16 7 




1_4 + 10 2 + 2 x 16_! + 45_4 + 120 2 + 126 2 
+144-1 + 144 5 + 2 10 4 + 320 2 + 560 i 


27 






T6_! + 10 2 + I-4 



Table 10: The decomposition of the n-form potentials of D = 5 maximal supergravity. 
The U-duality is E 6 and the T-duality is SO(5,5). 



D=4 

We first consider the 1-forms, see Table 11. The RR 1-forms occur as a 32-dimensional 
spinor representation of the T-duality group SO (6, 6), as expected. There are 24 remaining 
1-forms, half of them correspond to Fundamental 0-branes, the other half correspond to 
Solitonic 0-branes with dilaton coupling l/g 2 s . To pick out the Fundamental fields one must 
therefore undo the symmetry enhancement by making the decomposition (4.5). Under this 
decomposition the 1-forms branch as 

(32,1) -> 32 , (12,2) -> 12-4 + 12!, (4.91) 

where the sub- index indicates the weight w under M + . One next uses the rule that the 
brane tension corresponding to an n-form scales as 

g*, a = -(n + w). (4.92) 

This confirms that the 32 charges describe 32 DO-branes. We furthermore deduce that 
the 12_4 charges describe 12 Fundamental 0-branes and that the 12 1 charges describe 12 
Solitonic 0-branes. 

Like in D = 5 dimensions, the 1-forms are decomposed not only in RR and Funda- 
mental fields but also in Solitonic fields D. We therefore introduce the three basic charges 
(<?(T> Qa-i q'a 1 ) an d decompose the 1-forms as follows: 

Ci, a = q™A 1M , B ltA = q%A hM , D lfA = qf A hM . (4.93) 
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In terms of these charges the weight w of an n-form is given by 

w = -n(q) + n(q') . (4.94) 

We next consider the 2- forms A^a- Under the decomposition (4.5) the 2- forms in the 
RR column branch according to 

(32', 2) ->■ 32^ + 32; (4.95) 

This shows that the 32'_ x 2-forms describe Dl-branes but that the 32^ 2-forms describe 
exotic objects with 1/gl dilaton coupling. Their charges are given by 

32'_, : q™q N A {T A ), a D<* MN , 32[ : q™ q'£ (r A ) & a D" MN . (4.96) 

Similarly, the 2-forms in the F column decompose according to 

(1,3) ^1_ 2 + 1 + 1 2 . (4.97) 

They describe a Fundamental string, a Solitonic string and an exotic object with 1/gj 
coupling, respectively. Their charges are given by 

1 ■ n M n N n AB r> a 1 ■ n M n' N n AB D a 1 ■ n' M n' N n AB D a 

(4.98) 

Finally, the remaining 2-forms in the Rest column decompose according to 

(66,1) 66 . (4.99) 
They correspond to Solitonic strings with charges given by 

66 : ( 4 - 10 °) 
Similarly, one can discuss the higher n-forms. 

5 D-brane WZ Terms 

In this section we will derive the main result of this paper, i.e. the expression (1.14) for 
the general D-brane WZ term in 3 < D < 10 dimensions. Our starting point is the 
U-duality covariant expressions for the RR C fields in terms of the covariant A fields, 
derived in the previous section. These RR fields have the important property that under 
gauge transformations they transform only into themselves, see eq. (4.14). They form the 
building blocks for our construction of a gauge-invariant WZ term. 

It is well-known that in ten dimensions it is not possible to construct a gauge-invariant 
WZ term using the RR fields C alone. The reason is that the C fields not only transform 
into a total derivative but also into a term containing the Fundamental curvature H 3 
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(32, 1) 


(12,2) 
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(32', 2) 


(1,3) 


(66, 1) 


3-form 
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(32,3) 




(12,2) + (352,1) + (220,2) 


4-form 


8645 


(32', 4) 




(2079, 1) + (1728, 2) + (495, 3) + (462, 1) 
+ (352, 2) + (66, 3) + (66, 1) + (32', 2) + (1, 3) 


133 






(32', 2) + (1,3) + (66,1) 



Table 11: The decomposition of the n-form potentials of D = 4 maximal supergrav- 
ity. The U-duality is E-j and the T-duality is SO(6, 6) with symmetry enhancement to 
SO(6,6) x SL(2,M). The n-forms in the RR and F columns do not only contain the RR 
and Fundamental fields but also fields with different dilaton couplings, see the text. 

which has to be cancelled. Trying something of the form e X2 C with dX 2 = H 3 would 
solve the problem. Taking X 2 = B 2 is not allowed since X 2 has to be gauge-invariant 
by itself. This is the reason that we need to introduce a BI vector such that B 2 can be 
interpreted as a term inside the gauge-invariant curvature of the BI vector. We therefore 
take X 2 = T 2 = dV 1 + B 2 . 

In D < 10 dimensions a similar reasoning works except that the C fields now not only 
transform to H3 but also to H 2 a, the curvature of the Fundamental 1-forms B^a- This 
suggests that we need to introduce not only a BI vector V\ but also 2(10 — D) worldvolume 
scalars Vo,a with corresponding gauge invariant field strengths given by 

Fi,A = dV 0:A + B ljA . (5.1) 

This is gauge-invariant provided that the worldvolume scalars transforms as 

SV ,a = -5V • ( 5 - 2 ) 

Furthermore, we need to adapt the definition of T 2 since B 2 also transforms under S 0i a, 
see eq. (4.12). The following expression is gauge-invariant 

F 2 = dV 1 + B 2 -V 0A H 2tB r ) AB , (5.3) 

provided that V\ transforms under gauge transformations as 

5V 1 = -S x . (5.4) 

It is instructive to compare the above with the expected number of bosonic worldvolume 
degrees of freedom. In general a Dp-brane has 8 bosonic worldvolume degrees of freedom. 
For instance, in ten dimensions a Dp-brane has (p — 1) d.o.f represented by the BI vector 
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and (10 — p — 1) d.o.f. represented by the worldvolume scalars, after fixing the (p + 1) 
worldvolume reparametrisations, i.e. 

(p-l) + (10-p-l) = 8. (5.5) 

In D < 10 dimensions we not only have the (p — 1) d.o.f. represented by the BI vector and 
the D—p — 1 d.o.f. of the embedding scalars but also the (10 — D) d.o.f. represented by the 
wrapping of the Fundamental string around each of the (10 — D) compactified dimensions. 
This leads to the same total number of d.o.f. as in D = 10: 

(p-l) + (D-p-l) + (10-D) = 8. (5.6) 

We find that the WZ term contains twice as much extra scalars than expected, i.e. 2(10— D) 
instead of (10 — D). We will comment about this in the conclusions section. 

Given these ingredients, we can now write a compact expression for the gauge-invariant 
WZ term for any D-brane in any dimension. The result is given in (1.14) which we repeat 
here: 

C WZ (D < 10) = e T2 e T ^ AVA C . (5.7) 

Like in the previous section we denote with C the sum of all the RR potentials. The D = 9 
case is a bit special in the sense that the combination J-^r^ 4 only contains the self-dual 
(anti-self-dual) part of J^i^a when projected on the even (odd) form sector. These 1-forms 
contain the (1, 0) and (0, 1) 1-forms in Table 6. It is also easier to explicitly write out the 
T A matrices for this case. We therefore treat this case separately below, see (5.15) for an 
expression for the WZ term in that case. 

To proof that the WZ term (5.7) is gauge-invariant we need the Bianchi identities of 
the worldvolume curvatures: 



dFi,A — H 2A , 

dF 2 = H 3 -F 1>A H 2tB r ] AB . (5.8) 

The proof of gauge-invariance is now remarkably simple. Given that the J-"'s are gauge 
invariant, we have 

5C WZ (D < 10) = e T2 e Tl - ATA (d\ + H 3 X - H 2tB Y B \) . (5.9) 

The H 3 term cancels up to a total derivative precisely like in ten dimensions by using the 
second Bianchi identity of (5.8). We are now left with the following three terms, leaving 
out an overall e^ 2 factor and the gauge parameter A: 

e Tl ' ArA Fi, B H 2 ,cV BC ~ de- T ^ vA - e^ r " H 2<B T B . (5.10) 

The first term arises from the fact that we applied the second Bianchi identity of (5.8) 
when cancelling the H 3 term. The second term arises from partially differentiating the 
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exterior derivative in (5.9) when it hits the e Tl - AV term. Finally, the third term is just 
the last term of (5.9). To show that the three terms given in (5.10) cancel amongst each 
other it is convenient to first expand the exponential in the first and second term 

2(10-D) 

/ v 

n=0 

and similarly expand the exponential in the second term. In the second term one next 
uses the first Bianchi identity of (5.8). Now all terms are linear in H 2 . After expanding 
the exponentials the first and second term of (5.10) are written as a sum of completely 
anti-symmetric Gamma matrices. The third term becomes the sum of products of an anti- 
symmetric Gamma matrix with a single Tb matrix. Working out this product leads to 
two types of terms containing a single anti-symmetric Gamma matrix. In the first type H 2 
is contracted with one of the indices of the anti-symmetric Gamma matrix. Such terms 
cancel against the second term of (5.10). In the second type H 2 is contracted with one of 
the T\ curvatures. These terms cancel against the first term of (5.10). This completes the 
proof of gauge invariance of the WZ term (5.7). 

The form of the WZ term (5.7) clearly suggests that, like in D = 10, the RR scalars C 0j a 
can be included too in the expression although they are not needed for gauge-invar iance. 
Like in IIB supergravity all RR scalars are axionic, i.e. the D-dimensional maximal super- 
gravity theory is invariant under constant shifts of these scalars. 

Given that in nine dimensions the T-duality group is abelian, we consider this case 
explicitly although it does not differ from the general analysis. We introduce the world- 
volume scalars V and V ', such that 

7\ = dV + B l 7[ = dV^ + B[ (5.12) 

are gauge invariant. From (4.56) one also defines 

r 2 = dVi + B2-^(V£H 2 + VoH' 2 ) , (5.13) 

so that the Bianchi identities are 

dJ-\ = H 2 dJ~[ = H 2 

dT 2 = Hz- X -(F x H 2 + T x H' 2 ) . (5.14) 

From the gauge transformations (4.59) and (4.60) one can then write a gauge invariant 
WZ term as the formal expression 

£ WZ (D = 9) = e T2 e Tl+ ^C . (5.15) 

It is understood here that when we expand e Tx+:F ^ we only take T\ acting on even forms 
and J-[ acting on odd forms. That is 

e W lC = ( 1 + Ti+ ijr^ CcvcQ + (1 + j? + IJ^Codd . (5.16) 
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Using this notation the proof of gauge-invariance is straightforward and will not be repeated 
here. The alternating occurrence of T\ and T' x is easily explained if one considers the IIA 
and IIB origin of the WZ term. Indeed, an even form in nine dimensions is unwrapped 
from the IIB perspective and wrapped from the IIA perspective, and vice-versa for an 
odd form. Any time there is a wrapped coordinate, this corresponds to a world volume 
scalar appearing in the WZ term. In particular the scalar V can be seen as arising from a 
wrapped world-volume vector V\ in IIB, while the scalar VJ arises as a wrapped V\ in IIA. 

6 Conclusions 

In this paper we have constructed gauge-invariant and U-duality covariant expressions for 
Wess-Zumino terms corresponding to general Dp-branes (0 < p < D — 1) in arbitrary 
3 < D < 10 dimensions. We did this in two steps. First, we considered the target 
space background fields. In particular, we constructed expressions for the RR potentials in 
terms of the U-duality covariant fields. For this we introduced two types of charge vectors 
that project the 1-forms onto the RR and Fundamental 1-forms. 13 We showed how, for 
D < 10, the charges of all Dp-branes with p > 1 could be expressed as products of these 
basic charges and we derived general expressions for these higher- dimensional charges. The 
cases D = 3 and D = 4 required special attention due to symmetry enhancements that 
take place in these dimensions. Since the extra symmetries put the D-branes together with 
other objects into the same multiplet it is natural, for the purposes of this paper, to undo 
theses symmetry enhancements. We discussed the D = 4 case in quite some detail. We 
refrained from giving the formulae for the D = 3 case as well but we expect that it follows 
the same pattern we found in higher dimensions. 

In a second step we considered the worldvolume fields needed for the construction of the 
WZ term. Since, for D < 10, the WZ term for general D-branes contains both even-form 
and odd-form potentials it is clear that one needs also even-form and odd-form worldvolume 
curvatures. We therefore introduced, besides the usual worldvolume 2-form curvature for 
the BI vector, additional worldvolume 1-form curvatures for the extra worldvolume scalars 
that correspond to the compactified dimensions. These scalars are on top of the usual 
embedding scalars. Using the expressions for the RR potentials and the worldvolume 
curvatures it was then a relatively straightforward task to construct a gauge-invariant and 
duality-covariant expression for the WZ term in D < 10 dimensions. 

The fact that for D < 10 the charges of the higher- dimensional branes can be expressed 
in terms of products of the DO-brane and Fundamental 0-brane charges has important 
consequences for the non-trivial conjugacy classes to which these D-branes may belong. 
As an example, we analysed in detail the case of D5-branes in D = 8 dimensions. To 
simplify matters we did this for the truncated case of even forms only. Making use of the 
observation that the charge of the standard D5-brane contains the product of two charge 
vectors that are the same we showed that under a general U-duality transformation they 
form a non-linear six-plet embedded into an octo-plet of 5-branes. This is similar to the 

13 Actually, for D < 5 we need extra basic charges to project onto Solitonic 1-forms as well. 
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D7-branes in IIB string theory which form a non-linear doublet inside a triplet of 7-branes. 
Other examples of non-trivial conjugacy classes may be discussed similarly. 

A noteworthy feature of the general WZ term is that it contains twice as many extra 
scalars as compactified dimensions. One set of scalars has a natural IIA origin, the other 
set has a natural IIB origin. Together they transform as a vector of the T-duality group 
SO(10 — D, 10 — D). This doubling of compactified dimensions is typical for doubled 
geometry [32, 33, 34, 35] but now applied to the worldvolume of the D-branes in a curved 
background. In the same way that in dimensions lower than ten the Wess-Zumino term of 
the D = 10 fundamental string, Cfi = B 2 , gets modified by T\,a to [32] 

C F1 (D < 10) = B 2 + 7]^^ A B hB , (6.1) 

which is invariant under the NS-NS gauge transformations (4.12), we have derived that in 
D < 10 dimensions the WZ term of the D — 10 D-branes, £ Dp = e T2 C gets modified by 
J-\,a to the expression (5.7). In the case of the fundamental string a correct counting of the 
worldvolumne scalars is re-obtained by imposing a self-duality condition on the scalars [32]. 
The challenge will be to see what kind of condition on the worldvolume scalars must be 
imposed, in the case of D-branes, to obtain a correct counting of the worldvolume degrees 
of freedom. Given that such a condition can be imposed for the fundamental string, we 
expect this to be a solvable problem [41]. 

There are two natural extensions of our work. One extension is to consider the coupling 
of D-branes to maximal gauged supergravities. This requires the introduction of the so- 
called embedding tensor [36, 37, 38]. Like in the case of the coupling of the D2-brane to 
massive IIA supergravity, we expect this embedding tensor to occur as the coefficient of a 
worldvolume Chern-Simons term [5]. More information about these extra Chern-Simons 
terms can be obtained by considering generalized Scherk-Schwarz reductions of the axionic 
RR scalars since these reductions lead to Chern-Simons terms. We plan to come back to 
the relation between the D-brane WZ terms and the embedding tensor in the nearby future 
[39]. 

A second extension is to construct a kappa-symmetric version of the D-brane actions. 
This requires of course first to construct a U-duality covariant kinetic term for all world- 
volume fields. This has already been done for the D = 10 D-branes, see [9], and a kappa- 
symmetric extension of the D = 10 D-brane actions has been constructed [40]. 

Finally, we observe that lower-dimensional supergravities allow for many potentials that 
correspond to exotic branes with unconventional dilaton couplings l/g™ (n — 3, 4, 5, • • • ). 
It is not clear what the status of all these exotic branes is in string theory, and if they 
exist et all, but if they do exist they might help in finding a geometrical description of the 
individual degrees of freedom of black holes and thereby explaining the entropy of these 
black holes [42]. 
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